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ABSTRACT: An off-lattice simulation model for associative polymer gels as introduced recently (Groot,
R. D.; Agterof, W. G. M. J. Chem. Phys. 1994, 100, 1649) has been applied to obtain the mechanical
spectrum as a function of frequency and polymer concentration, using a Green—Kubo relation for the
time-dependent modulus. Two stages of relaxation are observable in our simulations. The early-time
decay is consistent with a —%3 power law, whose form is insensitive to large variations in polymer
concentration, association lifetime, and degree of association. The late stage, which relaxes like the end-
to-end vector in the Rouse model, has a characteristic stress that scales as the cube of the concentration
and a relaxation time that is proportional to the monomer—monomer dissociation rate. The simulation
results have been compared with experiments found in the literature for several physical gels. The
quantitative agreement calls into question other postulated mechanisms involving hydrodynamic
interaction or reptation, since the simulation contains neither of these features. As an alternative
explanation for the observed early-time decay, an explicit relation between the power law exponent and

the polymer fractal dimension is given.

1. Introduction

To characterize the rheologic behavior of soft con-
densed matter such as polymer solutions and polymer
gels, often the dynamic modulus is measured. This
modulus is a material property that relates the stress
in a sample to its deformation. It can be obtained in
two ways.! The first method is to use a step shear
deformation. Att¢ = O the sample is deformed as (x, ¥,
2)— (x + yy,y, 2), where y is a small strain. As aresult
of this deformation, the material responds with a shear
stress ¢, which usually damps out in time. Since the
stress must be proportional to y for small deformations,
we have

olyt) =G y (1)

The constant of proportionality, G(¢), is by definition
the time-dependent modulus. Alternatively, the modu-
lus can be obtained by imposing an oscillatory shear
strain y(t) = yo sin(wt) on the system. The resulting
stress is measured, which generally shows a phase shift,
ie.,

o(t) = G’ sin wt + y,G” cos wt (2)

The in-phase and out-of-phase constants of propor-
tionality, the moduli G’ and G”, depend on the frequency
by which the sample is deformed and are related to the
time-dependent modulus via the following Fourier
transform:

G’ +iG” =io [[e7G(t) dt 3)

The linear modulus is also referred to as the mechan-
ical spectrum. A schematic result found for the modulus
of linear polymers? is shown in Figure 1. At very small
frequency (the terminal zone) the modulus increases as
G’ = w? and G” =< w. At higher frequency the storage
modulus approaches a constant, G’ = Gn©, the plateau
modulus, and the loss modulus G” decreases. From a
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Figure 1. Schematic pattern of the complex modulus as a
function of the frequency.

certain point on G’ increases again. A typical example
for a polystyrene melt up to this frequency range is
shown in Figure 4-4 by Larson;! the slope in the
transition zone is roughly 0.63. This modulus increase
is usually referred to as “glassy modes” because these
are the only relaxation modes seen in a glassy state.
The actual glassy zone is found at yet higher frequen-
cies, where the storage modulus reaches a second
plateau.

An important class of polymers cross-link in a revers-
ible way, by a dynamic association equilibrium. The
resulting structures are known as associative polymer
networks. Some examples are synthetic polymers, such
as modified polyacrylates,3* poly(ethylene glycol) end-
capped by long-chain alcohols,? hydrophobically modi-
fied guar,® and many biopolymers are known to form
reversible networks.”~10 The physical cross-link mech-
anism can be very different from one biopolymer to
another, but on a macroscopic level many similarities
appear, and the mechanical spectrum of these biopoly-
mer networks very much resembles the general picture
for (entangled) synthetic polymer melts as in Figure 1.

From this frequency dependence of the modulus,
detailed conclusions can be drawn regarding the micro-
structure of the system. In this interpretation step, a
(statistical mechanical) theory must be used that links
a polymer microstructure to macroscopically observable
quantities. Well-known are the Rouse and Zimm theo-
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ries for isolated polymers (modeled as pointlike beads
connected by springs) and the reptation theory,ll.12
which describes an ensemble of entangled polymers.
Much progress has recently been made in applying the
reptation model to associative polymer solutions:!® the
transition from the terminal zone to the plateau zone
and the related time scales are understood quantita-
tively. However, quite some problems have remained
that could not be solved by analytical theory.

To give a short summary, many associative polymers
are found to phase-separate instead of forming a gel,
when too many association sites are introduced on the
polymer.14 To fully understand this we must under-
stand the phase diagram of these systems: when do the
polymers form a gel, when is the system macroscopically
unstable, and when does it form microdomains? A
second set of questions relates to the mechanical
spectrum: should one expect a single decay mode or a
more complex reptation-like spectrum? What causes
the minimum in G” in the plateau zone? From the
reptation model and related theories that account for
the tube fluctuations this minimum is not understood.!
What determines the modulus at short time, should one
expect a Rouse spectrum (G(¢) « t~V2) or rather a Zimm
spectrum (G(¢) « t~%3) that is dominated by hydrody-
namics? How does the plateau modulus scale with
polymer concentration? Classical network theory leads
(at high polymer concentration) to GnN© o« ¢2, whereas
scaling theory suggestsi! GN© o« 23, For associative
polymers the network relaxation time is observed to
depend on the polymer concentration.? Can we under-
stand this from a molecular picture? Finally, a third
set of questions relates to the nonlinear rheologic
behavior: can we predict, from a molecular basis, the
transient behavior of associative gels under flow condi-
tions? Which materials can be expected to show an
apparent yield behavior?

As a proper analytic theory to answer these questions
has not been developed yet, one may alternatively use
a simulation method to analyze a microscopic model and
derive a theory based on the trends observed in the
simulations. One method utilized frequently is the
Brownian dynamics method to solve the Langevin
equation for a single chain.’5~17 This method is a very
powerful tool to solve many questions concerning the
rheology of the system, but there are some drawbacks.
First, to correctly predict the finite viscosity at infinite
frequency, an internal viscosity is attributed to the
chains. There is no clear connection between this
internal viscosity and the microscopic polymer structure.
Second, because only the bond length distribution is
calculated, all problems concerning thermodynamic
stability and the concentration dependence of the rheo-
logic properties are beyond this method.

To gain insight into the aspects mentioned, a simula-
tion method should be employed that comprises an
ensemble of polymer chains, which are represented by
chains of atoms that all interact with each other via
some interaction force. The atoms can be moved by
several algorithms. First, Newton’s equations of motion
can be solved numerically. This is the molecular
dynamics method. In the second method (Brownian
dynamics), the Langevin equation is solved: each atomic
velocity is proportional to the force acting on it, where
the force includes a randomly fluctuating term. In the
third method (Monte Carlo), the diffusion process
through phase space is simulated by taking (small)
random steps that are accepted or rejected according
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to the Metropolis algorithm. Using such an explicit
representation of the polymers, the dynamics of cross-
linking has been studied,®1? the crossover from Rouse
diffusion to reptation diffusion has been followed,? and
polymers in a Poiseuille flow have been studied.?! The
application of this simulation method to associative
polymers has been described by us recently in two
articles,?223 a similar model has been developed inde-
pendently by Van den Brule and Hoogerbrugge.2¢ In
our first article?? the thermodynamic behavior and the
location of the sol—gel transition were studied, and in
the second article?? a qualitative picture of the (nonlin-
ear) rheologic properties was given.

The Monte Carlo method employed here is the sim-
plest possible continuum model of associative polymers;
it contains only excluded volume interactions, a con-
nectivity via Hookean springs, and of course the as-
sociation and dissociation processes. Although lattice
models are computationally more efficient than off-
lattice models,?® we have chosen this route, because in
the continuum model one has full access to the stress
tensor.?2 To gain computational efficiency, however, we
have left out entanglement effects, hydrodynamic in-
teractions, and conservation of momentum. Neverthe-
less, the model was shown to be qualitatively in line
with experimental observation.22:23

To use this model for practical predictions the model
must be mapped on experimental systems of interest,
and therefore, it should be studied in a more quantita-
tive way. As many experimental systems are charac-
terized by their linear dynamic modulus, the mechanical
spectrum has to be evaluated for this model; some
preliminary results have been published before.25 The
simulated modulus is compared to a number of experi-
ments, which led to insight in a number of questions
that were posed above. In the next section we outline
the simulation model and methods that we used.
Special attention is given to the Green—Kubo relation,
because this relation is crucial to understand the short-
time divergence of the modulus. The actual simulation
results are summarized in section 3, and compared to
several experiments in section 4. In the last section,
we give a speculation on the origin of the short-time
divergence of the modulus and summarize our results
and conclusions.

2. Simulation model and methods

2.1. Bead-Spring Model. In the model used the
polymers are chains of L hard spheres, connected by
harmonic springs. Each (free) sphere has a central
association site, which can only be reached by another
free atom via a Monte Carlo jump through the hard core.
On association the energy increases by u,. Once as-
sociated, the two spheres form a new spherical (united)
atom, which is then connected by two, three, or four
bonds to the networks, depending on the topological
position of the original atoms. Because an explicit
dissociation step must be taken to separate two associ-
ated atoms, the energy u, can be either positive or
negative. The only quantity of physical relevance is the
association constant K = V, exp(u./kT), where V, is the
volume that is scanned in search of a free partner.

To prevent reduction of the volume fraction on as-
sociation, the hard-sphere diameter of a dimer relative
to that of a single atom is larger by a factor of 2V3, Thus
we use the following interaction potential:



6286 Groot and Agterof

u™Se, - r)+ CGr; - rj)2
= if i and j are neighbors in one chain
Vo S, - r)

otherwise
4)

where { = j number the atoms, L is the polymer length,
and the hard-core potential is given by

O lf|7‘i—7'j|>dij

()

where d;; = a; + aj, and a; = Y/, for free atoms and q; =
2-23 for associated atoms. This simulation algorithm
implies that only binary associations between the atoms
are allowed. Unless stated otherwise, we shall use a
total number of N = 900 spheres, and the fixed
parameters C = 0.3kT, L = 10, and truncate the search
for candidates for association at the distance R, = 1.2.
The system is periodic in all directions; the sizes of the
box are 15 x 15 x 15. The fraction of association—
dissociation attempts was put at 10% in the present
simulations. The 90% other Monte Carlo steps were
attempted moves.

The attempted moves were taken from Gaussian
distributions. For each direction (x, y, z) a random
variable was generated from a standard normal distri-
bution and multiplied by the mean step size. Two
methods to determine the step size have been compared.

Method 1. For each individual atom, the mean
fraction of accepted moves was measured. When this
fraction was larger than 20% (this value leads to the
fastest diffusion per MC step?®), the step size was
reduced by 1%; when it was smaller than 20%, the step
size was increased by 1%. This algorithm led to a step
size that fluctuated between 0.4 and 2.5 to give typical
numbers. Because the fluctuations were rather slow (a
period of some 250 MC steps), another method has been
tried to find out whether these step size fluctuations
lead to an artificial time scale in the simulation result.

Method 2. Again steps were taken from a Gaussian
distribution, but now all atoms were moved by the same
fixed mean step size s = 0.68, which leads to an overall
mean acceptation fraction of 20%. Method 1, which
optimizes the step size for each atom individually, may
be a bit more efficient than the other method. A
comparison of two long runs at the association energy
of 6T (850 000 MC steps per atom using method 1, and
1 000 000 MC steps per atom using method 2) shows a
quantitative duplication of the stress autocorrelation
function, both in the short-time domain (5—200 MC
steps) and in the long-time domain (1000—40 000 MC
steps); see Figure 2.

Remarkably, when the mean acceptation fraction in
method 2 is measured per atom, a broad variation is
observed from one atom to another. Over 1000 MC
steps it varies from 11 to 36%; when the average is
taken over 500 000 MC steps, still a variation from 16
to 27% acceptation is found. This suggests that the
irregularities of the network structure for some atoms
lead to a smaller diffusion constant than for others. If
this is the case, the physical time that corresponds to a
MC step is not simply proportional to the step size. If
some atoms have a larger diffusion constant than
others, these will acquire a larger mean step size in
method 1. Consequently, one may not conclude that the
physical time for these atoms runs faster than for
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Figure 2. Logarithm of the time-dependent modulus as a
function of time for u, = 6kT. Open symbols are independent
runs using simulation methods 1 and 2.

others. If we accept the fact that the diffusion constant
varies from one atom to another, then we are forced to
take the number of collisions per atom as a measure of
time. In that case, method 1, in which all atoms have
exactly the same acceptation fraction (and hence colli-
sion rate), can be conjectured as the best representation
of a physical system. However, as the two methods give
exactly the same time correlation function, we are not
forced to make a conceptual choice for one method over
the other.

2.2. Green—Kubo Relation. The most straightfor-
ward way to obtain transport coefficients like the shear
viscosity from a simulation is to apply an external field
that will move the atoms;?3 the ratio of the applied force
and the resulting shear rate by definition equals the
shear viscosity. Applying an oscillatory external field
would result in the frequency-dependent moduli. There
are two disadvantages of this method. First, for each
desired frequency, a new simulation must be run; this
leads to a large amount of necessary simulation time.
The second disadvantage of this method is that the
external field must be very weak to ensure that the
linear response of the system is measured. As a check,
simulations at several external field strengths must be
done to find the regime of linear viscoelasticity. The
way around these disadvantages is to use the fluctua-
tion—dissipation theorem. This theorem enables one to
obtain the frequency-dependent moduli for all frequen-
cies from a single simulation and was used quite some
time ago,?” but it has not been used all that much since
then. Because our results crucially depend on the
validity and applicability of this theorem, and because
we feel that the power of this method has not been
appreciated enough, we give a short outline of the
method here, where we closely follow the derivation by
Doi and Edwards.!!

Consider a time-dependent external field y(¢) deform-
ing a sample such that the shear stress o,, will have a
finite value (y is the mean shear deformation relative
to the equilibrium configuration; y and oy, are conjugate
variables). For all times ¢ < 0 the field is constant, »(¢)
=y, and at ¢ = 0 the field is switched off, y(¢) = 0 for ¢
> 0. At negative times the stress is proportional to y:

o, =Gy 6)

We achieve this stress increase by adding the following
potential to the Hamiltonian:

U, = —Vy(tio,, (7

The total work performed on building up the stress is
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W=V ‘/;Vaxy dy’ = Vyo,,
=,VGy* - Vyo,, = (VI2G)a,,* - Vyo,, (8)

As the system will tend to minimize the total free
energy, the equilibrium value of o, is found upon
minimizing eq 8 with respect to the stress. This does
indeed lead to the stress given in eq 6; hence the
external potential eq 7 is indeed the correct one.

At times ¢t > 0, the stress will relax to its new
equilibrium value (0.,) = 0 (a subscript y at average
brackets will be used to indicate an ensemble average
where the external field is put at the value y), and if
the imposed deformation y is small, the mean value
during the relaxation process will be a linear functional
of the field: (see also eq 1).

(@), = [ ut=t)y@&)dt =Gy (9)

Now (0(t)), can be calculated if we know the distribu-
tion function y(xV,¢), which i 1s the probability of finding

the system at the position xN = (x1, xs, ..., xN), at time ¢.
The result is
(0,@), = f axy(xN) Nt dx (10)

where 0,,(xN) is the microscopic expression for the xy
component of the stress tensor.

To find the time-dependent distribution function we
first realize that no field is present for ¢ > 0. Therefore,
the time evolution of the system is given by the
evolution operator in the absence of the field. Thus, the
evolution is found from the Green function G(xNx'N;t),
which describes the diffusion process from point x™¥ at
t = 0, to the point N at time ¢

Yt =[G Nty ™,0 ™ (1)

Since at ¢ = 0 the distribution is still at equilibrium with
the situation where the external field was present, the
distribution is then given by

expl—~U™VkT — U, (=N VET]
Jexp(~U/RT - U, /kT) d&x'™

N exp[-U™V/ETI(1 + Vyo, (x™)/ET)

" (fexp(~URT) dv™Y(1 + Vi(o,,)/kT)
=W, (M1 + Vyo, &™) (12)

w(x/N,o) —

where the approximation holds for a very weak external
field and where ¢4 is the (equilibrium) distribution at
zero field. If we now combine the last four equations,
we find the time-dependent modulus as

G®) = [ [0, G 2™it) Yo or™I1 +
Vyo,, (aNyRT] dx de™

= <0xy>0 +
Vy [ [0, G 2ty (x ™o, (T WRT
de dx/N
= Lo, (10, (0)), (13)

where again the fact has been used that the mean value
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of the shear stress is zero at vanishing field. Now the
external field appears at the left- and right-hand sides
of the equation; hence it drops out. At zero external
field, we therefore have a relation between the time-
dependent modulus and the time correlation function
of the (spontaneous) fluctuations of the shear stress.

It should be noted that nowhere in this derivation has
an explicit expression for the Green function been used.
Therefore, it may be used in any type of simulation
method, no matter whether molecular dynamics (inte-
gration of Newton’s equation), Brownian dynamics
(integration of the Langevin equation), or Monte Carlo
(random steps are taken following the Metropolis algo-
rithm) is used. Furthermore, nowhere in the derivation
has the interaction potential between the atoms been
used. Therefore, the method is valid even though the
interaction energy between neighboring atoms on a
chain increases with separation; i.e., the method is valid
for polymers. Another relevant point to mention is that
the derivation is based on the notion of a state W,
which in a statistical sense is stationary to infinitesimal
distortions. This does not mean that W, should be a
true thermodynamic equilibrium state. The only rel-
evant issues are that the simulation method generates
the correct diffusive motion of the system through phase
space and that W,q is sufficiently isotropic so that (g,
= 0. Systems in a metastable state, like a microphase-
separated gel or a glass, evolve very slowly on a global
scale but make frequent excursions from the stationary
state and back again on a much shorter time scale. The
implication of the theorem is that these excursions
determine the dynamic modulus of the system on a time
scale that is short as compared to the time scale of global
evolution. All present simulations meet these condi-
tions.

The derivation given here is only one example of the
more general fluctuation—dissipation theorem, which
was introduced by Green?® and Kubo.2® Therefore
the identity given in eq 13 is usually referred to as a
Green—Kubo relation, though several others have con-
tributed to this theory. An excellent overview of the
method and its numerous applications was given by
Zwanzig.30

2.3. Short-Time Divergences and Fourier Trans-
form. One direct application of the Green—Kubo rela-
tion can be found when the frequency-dependent moduli
are studied in the limit @ — o. This limit naturally is
related to the time correlation function at ¢ = 0, i.e.,
the instantaneous fluctuation amplitude. This ampli-
tude is determined by the equilibrium structure of the
liquid only. Zwanzig and Mountain®! used this fact to
derive a generally valid expression for the high-
frequency limits of the shear modulus and the bulk
modulus in terms of the pair correlation function, for
liquids with a central two-body potential u(r). For these
systems the internal energy density, the pressure, and
the infinite frequency shear modulus are given by

(w)y=
%QkT + 2mo* f = dr g(r)rzu(r) = ngT + 270%I, (a)

p = okT — 2?”9 f dr g(r)r = okT — —9212 )
G_ =

kT+2” o[ dr (r)-——( 4‘—15) okT +

. *I, (0)

(14)

159
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Now let us apply these identities to a system of soft
spheres with interaction potential u(r) = (a/r)”. In that
case we have u'(r) = —ma™/r"*! and u”(r) = m(m +
1)»a™/rm*2, The first integral (a) appearing in eq 14 is
now given by I; = a™/g(r)/r"~2 dr. From a few simple
algebraic manipulations we directly find the other
integrals to be proportional to I;. Explicitly, we have
I = —ml; and I3 = m2[,. If we now study the limit m
— oo, the interaction potential describes a hard-sphere
system. For this system, the pressure is a finite
number; hence I5 is a finite number (for low density it
reduces to the second virial coefficient, up to a factor
27/3). The consequence is that the internal energy is
proportional to 1/m (hence it is zero) and the modulus
is proportional to m; hence the infinite frequency modu-
lus for hard spheres is infinitely large. This fact is a
direct consequence of the fact that the interaction force
diverges at contact. Such a divergence of the infinite
frequency modulus with the power m has been found
recently by Heyes and Mitchell, who applied the Green—
Kubo method to the modulus of a colloid suspension.52

This divergence is experimentally found for silica in
cyclohexane by Van der Werff et al.,3? who found #*(w)
— 7*(e0) o« ™12 over three decades. This slow decay of
the complex viscosity implies G*(w) — wn*(e) =< w2 as
w — oo, in line with theories on the linear viscoelastic
behavior of hard-sphere liquids®435 that neglect the
hydrodynamic interactions. This fact apparently is in
contrast with the result from Russel and Gast,3® who
found the hydrodynamic interaction to induce a decay
n*(w) — 5*(e0) = w1, and with the conjecture of Brady,®’
who removed the divergence by hand, because it would
be unphysical. The w2 divergence for the hard-sphere
system, however, can be understood quite easily; a
simple analysis is given in our Discussion section. For
polymer gels, the exponent may differ from ¥/5; therefore,
we define for the general case an exponent n that
describes the divergence:3840

G¥(w) o= " (15)

in the high-frequency limit.

The ¢ — 0 divergence of the time-dependent modulus
has direct consequences for the way the Fourier trans-
form has to be calculated. In the simulation, the
pressure tensor is measured via the virial equation.2?
The density—density correlation is measured via its first
moment because this moment appears to vary only very
little with . Because the shear components of the
pressure vanish on the average, the pair correlation
function is simply averaged over a bin of width (213 —
1)/2 =~ 0.13. This choice originates from the fact that
two atom diameters are present, 1 and 213, and that
only one overall correlation function is measured; the
contact values follow from the discontinuities in this
overall g(r). Whenever the surfaces of two atoms are
within the distance 0.13, they are counted as to con-
tribute to the contact value of the pair correlation
function. Because the volume over which the contact
density is measured is finite, the instantaneous fluctua-
tions in the contact density are finite also. Only when
the bin size would vanish would this instantaneocus
density vary between 0 (no atoms in the volume) and «
(1 atom in the volume), and infinite fluctuations in the
t = 0 modulus would be found. Because a finite bin size
excludes the divergent ¢ = 0 fluctuations, the shear
stress autocorrelation function must be extrapolated to
t = 0 in a smart way to obtain the correct Fourier
transform.
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Figure 3. Short-time modulus showing algebraic decay over
two decades. The plateau modulus is subtracted (u, = 6&7).

The following procedure was used. The logarithm of
G(¢) is plotted against time (open symbols) as in Figure
2 for the two simulation methods; the closed symbols
give the logarithm of the average of the two runs. No
smoothing has been used in this plot; it represents the
raw data. The first strong decrease in G(¢) results from
the ¢ — 0 divergence. The long-lived network connec-
tions are responsible for the long-time correlation. The
two physical mechanisms [(i) the hard-sphere collisions
and (ii) the network connectivity] lead to two additive
contributions to the modulus. Therefore the long-time
behavior is extrapolated to ¢ = 0 by a single exponential,
(this value is the plateau modulus) and subtracted from
the measured G(¢). The difference is the short-time
meodulus, which has been plotted on a log—log scale
against time; see Figure 3. The short-time modulus
appeared to follow a straight line; the slope by definition
equals —n. For several runs it was found that n =~ %/;
is a good approximation; hence to obtain the correct
Fourier transform, the measured G(¢) was fitted to a
function of the form @ + bt~%3, This function was
Fourier transformed between ¢ = 0 and # = 5 and added
to the numerical Fourier transform of G(¢). This nu-
merical transform was obtained by interpolating G(¢)
between successive points by a straight line. The
analytic Fourier transforms over these intervals were
added. Beyond the last point G(¢) is extrapolated to
zero, and the Fourier transform over this part is added
to the result. If no extrapolation is used, the complex
modulus shows some artificial oscillations at small w.
A straight line extrapolation largely removes this
artifact, but some further noise reduction is obtained
when G(t) is extrapolated by a single exponential or by
a function of the form exp(—a(¢¥2), This latter form was
used because G(¢) at long time is not a single exponen-
tial; see Figure 2. It has been determined that the use
of this extrapolation method does not artificially bias
the results; the added part is sufficiently small.

8. Simulation Results

3.1. Frequency Dependence. At one density, o =
0.2667, the bead-spring model has been simulated for
two values of the association energy (u, = 6&T and u,
= 8kT) to find the general frequency dependence of the
model. Furthermore, the simulation method was checked
by duplicate runs. For the 6kT system 850 000 MC
steps per atom were taken using method 1, and 108
using method 2. For the 8%T systems, these numbers
are 2 x 108 and 8 x 108 respectively. For the 8kT
system, methods 1 and 2 led to different results: using
method 1, the relaxation time was larger than the
relaxation time obtained with method 2 by a factor of
3. A possible explanation could be that in method 1 the
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Figure 4. Simulated modulus for two sticker lifetimes. The

smooth curves are fits to the power law plus terminal
relaxation processes.

atoms do not diffuse away from each other as efficiently
as in method 2 after dissociation, and a large fraction
reassociates again. This would lead to a longer effective
sticker lifetime. For the 64T system, however, the two
methods gave identical results. The density dependence
of the modulus was studied only at the association
energy u, = 6kT; first we concentrate on the modulus
at a fixed density.

These results are shown on a log—log scale in Figure
4 (only method 2 for the 8kT system). In all cases, the
short-time decay of the modulus was analyzed by
subtracting the plateau modulus from G(¢). To obtain
the best estimate of the plateau value, it was varied
such that the short-time modulus would follow a straight
line in a log—log plot, as in Figure 3. For both 8&T
systems this led to an estimated exponent n ~ 0.68 +
0.04. At 6kT a better accuracy is obtained, because
these systems relax faster. For the first 62T run, the
exponent was estimated as n ~ 0.66 + 0.02; the
combined results of the two 62T runs gave n ~ 0.64 £
0.01. These differences are considered not to be sig-
nificant.

This result leads to the remarkable observation that
the high-frequency divergence of the modulus is reason-
ably well described by the Zimm model (n = 2/3).
However, the Zimm model is essentially based on the
assumption that the hydrodynamic interaction is domi-
nant and that the finite volume effects are negligible
(n = ?/3 was calculated for 6 polymers). However, in
the simulations presented here, no hydrodynamic in-
teractions at all have been taken into account. This
brings us to the question why we have this apparent
Zimm behavior (n =~ %/3). Are the constraints caused by
the associations (i.e., the fixed topology) responsible for
this deviation from the (expected) Rouse behavior (n =
1/3) or are the finite volume effects in some way
responsible?

To answer this question, the simulation system has
been simplified to one chain of length L = 100, which
was not allowed to associate and which was enclosed in
a box of volume V = 75 x 75 x 75. This is the dilute
limit; the system is too large for the chain to interact
with its mirror images. To mimic the topological
constraints, atoms number 10, 30, 50, 70, and 90 were
not allowed to move after a first equilibration run of
105 steps/atom. Next, 10° steps/atom were taken, and
the shear stress was measured. This chain will be
referred to as “pinned”.

In a control experiment, the constraints were re-
leased, and another 108 steps/atom were taken for this
free chain. The results of these runs are shown in
Figure 5. This graph shows that the modulus of the
pinned chain reaches a plateau by a correlation time of
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Figure 5. Modulus as a function of time for a pinned chain
(closed symbols) and a free chain (open symbols).

3000 MC steps/atom, whereas the modulus of the free
chain decreases further. At shorter time, no difference
between the two systems is found, apart from a small
increase of the modulus of the pinned chain relative to
the free chain. This difference is considered not to be
significant. The modulus of the pinned chain is now
fitted to a function of the form a + bt™"; for the free
chain the first term is put at zero. There is a systematic
trend in the first few points to lie below the straight
line of the overall trend; therefore, the result for the
exponent n depends somewhat on the number of points
that are discarded for the fit. This variation, however,
is smaller than the estimated error in the fit param-
eters. This way it was found that for the pinned chain
n = 0.656 + 0.026, and for the free chain n = 0.637 £+
0.008. As the differences are within the estimated
errors, the exponents are to be considered equal. It is
therefore concluded that the value of the exponent » is
determined by the excluded-volume interactions of the
hard spheres and not by the topological constraints,
frozen degrees of freedom, or hydrodynamic interaction.

The excluded-volume interactions in chain molecules
are known to give rise to a lower fractal dimension (ds
= 1.7) than that of ideal coils (df = 2). Therefore we
conjecture that the value of the exponent »n is related
to the fractal structure of the polymer. Such a notion
has been put forward before by Martin ef al.3° and by
Muthukumar.4® In the Discussion section, an alterna-
tive derivation is given. To support this relation, both
n and dr have to be determined independently, which
has been done in a second control experiment. Again a
free chain of length L = 100 has been simulated over 2
x 108 MC states/atom, but now we used the second
simulation method, with a fixed step size 1. The Fourier
transform of the density was averaged for wave vectors
parallel to the system axes. This led to the structure
function S(&) = (o(k)o(—k)YL — 1 that is shown in Figure
6. When we simply fit a straight line through the first
three points, we find a slope —1.78 + 0.03. At higher &
values the slope gets more negative, which is caused
by the hard-core structure function SHC(Z) ~ (sin(k)/k
— cos(k))/k?. A fit to the sum of a power law and this
function led to a power —1.70. Since the result depends
on details of how the fit was made (two examples are
shown in Figure 6), we cannot give a more accurate
estimate than dr= 1.75 + 0.05. For the stress correla-
tion we find a somewhat lower exponent at short time
scale than at longer time scale. Between ¢ = 20 and ¢
= 200 we find n = 0.50 £ 0.01, and between ¢ = 200
and ¢ = 8000 we find n = 0.616 £+ 0.016. Although this
value is a bit lower than that obtained in the previous
runs, we consider the difference not to be statistically
significant.
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Figure 6. Structure function of an L = 100 polymer at fixed
MC step size. The dashed curve extrapolates to a slope d; =
1.8; the full curve leads to dr = 1.7.
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Figure 7. Complex modulus of the 6kT system. The curves
show the terminal relaxation plus power law fit.
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Figure 8. Complex modulus of the 8%T system. The curves
show the terminal relaxation plus power law fit.

Another unexpected result is found when the long-
time behavior of the system is studied. From Figure 2
it clearly follows that the stress autocorrelation is not
a single exponential. This is also apparent when the
Fourier transform G*(w) is studied (Figures 7 and 8).
For the 8kT system this nonexponential character is
even more pronounced, because the plateau time (the
sticker lifetime) is much longer than it is in the 62T
system. The loss modulus of the 84T system in Figure
8 between log(w) = —4.5 and log(w) = —3.5 decays with
a power —0.45 + 0.1 instead of the power —1 that a
single-exponential decay would give. A power —0.5 also
comes forward in the reptation theory, where it is
related to the diffusion of chain ends into their tube.

The fact that we find this power of course does not
prove that the reptation mechanism is relevant here.
In fact, the present model allows all bonds to cross;
hence no polymer in this simulation is confined to a
tube. What this simulation does show is that the
relaxation process is not determined by the lifetime of
a single bond. In other words, the stress that a bond
carries is only partially released on dissociation. Most
probably it is transferred to the direct neighbours in the
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network and only diffuses away slowly by the breaking
of other bonds. It is a peculiar observation that this
stress relaxation is so well in line with the reptation
theory.

On the basis of these results it is to be expected that
the full modulus can be described by a sum of two basic
relaxation processes. To show this, the data were fitted
to a four-parameter function:

G@®) = FG (/) + GG (t/r) (16)

where G(¢) describes the early-stage power law behav-
ior and is approximated by the Zimm modulus,!!

oo

G&) =Y exp(~pVp 1) (17)

p=1

and Gy(t) describes the terminal relaxation and is
approximated by the reptation spectrum4!

8 1
G()=— Y — exp(-p*t) (18)
P oddp

The real-time fits are also shown in Figure 4, the
(analytical) Fourier transforms of the same fits are
shown in Figures 7 and 8. The resulting fit parameters
for the 6&T system give the time scales 7, = 127 and 7,
= 6.8 x 103 and the moduli F = 0.019 and Gy = 0.077.
For the 8kT system, we found 7, = 100 and 7, = 4.7 x
104, and the moduli F = 0.021 and Gx'9 = 0.068. The
error in the moduli and 7, can be estimated at 5—10%;
the uncertainty in 7, is some 20%.

The terminal relaxation time scale 7; is proportional
to the life time of a sticker: an energy increase of 2kT
does indeed lead to an increase in the relaxation time
by a factor 7 ~ e?, whereas the power law time scale 7,
below which the glassy modes become important is
roughly independent of the sticker lifetime. When the
terminal spectrum G; in eq 16 is replaced by a single
exponential, the root-mean-square deviation of the fits
do not change by much, but the best fits are now
obtained for 7, = 1460 and 7, = 32 000 respectively, i.e.,
power law time scales comparable to the terminal
relaxation time. The deviation from a single exponen-
tial is thus described by an unrealistically extended
power law spectrum. Inspection of the data in Figure
8 (or Figure 4) shows that indeed the plateau is reached
by ¢ ~ 100; hence we must discard the single-exponen-
tial model in favor of the “reptation” spectrum, which
describes the data quantitatively.

3.2. Density Dependence. A more detailed picture
of the system is obtained when the density dependence
is studied. For practical reasons, only the weak gel at
6kT is studied for the densities given in Table 1. The
results of these simulations are shown in Figure 9 for
the densities ¢ = 0.0533, 0.08, 0.1185, 0.1777, and
0.2666. To analyze these data, eq 16 was used again
as a fit equation. It should be mentioned here that the
mean-square deviation of the fit to the data appears to
vary only little with 7,. Therefore, only Gn'?, F, and 7,
were used as free fit parameters, and 7, was kept fixed.
Next, 7, was varied by hand and a new (three-
parameter) fit was made; until the total square devia-
tion was minimized. For the ¢ = 0.1777 and o = 0.2222
systems, no minimum in the square deviation was found
for realistic values of 7,. The values given in Table 1
are chosen as a reasonable guess. The numerical value
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Table 1¢
0 p x 10® —Ap x 103 F x 103 N x 108 T 7 Ta s o
0.053 1.6 8.4 1.2 1.0 365 1660 10 600 0.687 0.964
0.080 2.2 18 1.8 3.5 385 2540 10 700 0.804 0.966
0.119 1.3 41 2.3 12.2 550 3760 11100 0.957 0.968
0.178 2.9 93 7.0 40.5 200° 5690 9 600 0.991 0.972
0.222 10.8 143 9.6 57.0 200° 6330 11 600 0.997 0.975
0.267 28.1 201 17.3 76.5 123 6725 11700 0.999 0.977

a p, pressure; Ap, network excess pressure and moduli (x103), relaxation times (MC steps); s, cluster size/system size; o, fraction of
associated atoms. The error in the pressure varies from 0.2 at low density to 0.6 at the highest density.  No least-square minimum was

found on variation of 7,; these values are estimated.
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Figure 9. Time-dependent moduli for several densities. From
top to bottom the density decreases by a factor 1.5 for each
next system.
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Figure 10. Plateau modulus (Gy®) and glassy modulus (F)
as a function of density. The slopes are indicated by the
numbers. The error bars give the upper spinodal and binodal
densities.
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of Gn© is rather insensitive to the choice of 7, but F
varies by 30% when 1, is varied from 130 to 300.

Apart from this uncertainty in F, a good correlation
between the modulus and the density is found, as shown
in Figure 10. At low concentration the plateau modulus
and glassy modulus are found to scale roughly as

F o Q and GN(O) o Q3~1i0.1 (19)

Lines of slope 1 and slope 3.1 at low concentration have
been added to the plot. At higher concentration a
crossover to a different slope is found; the slope of F
increases. The slope in Gn® &~ 1.6 & 0.2 does not seem
to be consistent with a slope 2.3, which is expected from
the scaling behavior of free polymers. The slope 1.6,
however, is in line with a rigid rod network model. For
flexible cross-links, field theory predicts G = ¢¥2, and
for frozen cross-links, G = @2 is derived.*?

The pressure, which has been measured simulta-
neously, shows a clear van der Waals loop: when the
density increases it goes up, down, and up again (see
Table 1). By fitting the pressure to the virial expansion
p/kT = ¢/10 + ap? + be?, the binodal densities ¢ = 0.029

+ 0.004 and ¢ = 0.16 £ 0.01 are found. The upper
spinodal and binodal densities are indicated in Figure
10. It is now observed that the range where the slopes
1 and 3.1, respectively, are pertinent to the moduli
corresponds to the range of (micro)phase separation. As
the plateau modulus over this density range shows a
smooth @ increase, apparently, the proportionality Gn©@
o ITosm is 70t correct for (micro)phase separating gels.
The network excess pressure (i.e., the difference with
the pressure at zero association constant) varies as Ap
o 020%; hence also the relation Gn® < Ap does not hold.

Another relevant issue is the dependence of the
terminal relaxation time with concentration. Over the
concentration range studied, it varies significantly; see
Table 1. To a very good approximation it scales linearly
with the polymer concentration:

T, o< Q (20)
Only for the highest two densities does this proportion-
ality not hold; here the network relaxation time ap-
proaches the lifetime of the stickers and tends to level
off.

Intuitively, it seems obvious that this dependence of
the terminal network relaxation time on the polymer
concentration is caused by some structural effect of the
gel. To be certain of this, two questions should be
answered. First, is the intrinsic lifetime of an associate
indeed independent of the concentration, and secondly,
does the topological structure of the gel indeed change
significantly over this range of concentrations? The first
question can be solved from the recorded number of
accepted dissociation attempts. The total number of MC
states divided by this number gives a reasonable
estimate of the lifetime of an associated pair 7,, which
is also shown in Table 1. However, in principle,
individual pairs of atoms could dissociate from and
associate to the same partner several times. This would
increase the effective lifetime of the association. There-
fore we also measured the correlation function of as-
sociation between individual atoms in small separate
runs (5 x 10* MC states/atom). We found single-
exponential decays. The lifetime of an associate esti-
mated from these correlation functions corresponds to
the earlier estimates to within 10—20%. Any differences
found are far too small to explain the differences in the
terminal relaxation times ..

To answer the second question, the cluster size
distribution functions were measured over the same
runs that were used to obtain the stress correlation. The
mean cluster size divided by the system size (s) is given
in Table 1. At low concentration the mean cluster size
clearly drops, as the percolation transition is ap-
proached. The fraction of associated atoms (o in Table
1), however, does not change dramatically. This means
that the polymers tend to exchange intermolecular
associations in favor of more intramolecular associa-
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Figure 11. Cluster size distribution functions for the systems
shown in Figure 9, at densities ¢ = 0.053, 0.080, 0.119, and
0.267. The lowest densities approach the sol—gel transition
point, but are still in the gel phase.
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Figure 12. Experimental data of a polybutadiene melt (full
symbols) and Monte Carlo data (open symbols). The experi-
mental data was read off Figure 4-5 of ref 1. The high-
frequency simulation data are frequency shifted to fit the high-
frequency part of the experiment.

tions. This approach of the sol—gel transition in visual-
ized more clearly by the cluster size distributions shown
in Figure 11. At the lowest concentration, a very broad
cluster size distribution is visible (indicating the prox-
imity of the sol—gel transition point). Nevertheless this
system is a (weak) gel because a significant gel peak is
visible. As the concentration increases, the distribution
continuously shifts toward full (100% connection) and
stronger gels.

4, Comparison between Simulation and
Experiment

4.1. Frequency Dependence. A crucial test of the
simulation model, of course, is a comparison with
experimental data. In Figure 12, the 8T system
simulated with method 1 (which has the longest net-
work relaxation time) has been compared to the experi-
mental moduli of polybutadiene of molecular weight
360 000 and narrow polydispersity. This data was
taken from Larson,! (p 103, Figure 4-5). The MC data
clearly show very good agreement with the experimental
data in the low-frequency range: the terminal zone and
the plateau zone up to the point where the glassy modes
start off in the simulations. The slope in the decreasing
part of G” seems a bit steeper than the experimental
value (—0.45 £ 0.1 rather than —0.31), but still the
deviations may be attributed to the noise in the simula-
tions. The important thing here is that the two relevant
time scales 7, and 1;, are sufficiently far apart in the
simulations that we can distinguish between the two
processes. By frequency shifting the high-frequency
simulation results (and applying a small vertical shift),
we are able to compare the glassy mode part of the
simulated spectrum with the experiment. This com-
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Figure 13. Gelatin loss angle (triangles 0.8%; circles 0.9%)
reproduced from Carnalil® (Figure 4). The curves give the 6kT
and 8kT simulation results, frequency shifted to fit the glassy
modes.
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Figure 14, Network relaxation time of end-capped associative
polymers, from Annable et al.? (Figure 7). Open symbols,
experiments; curve and closed symbols, simulation.

parison is also made in Figure 12: the simulations
capture the upturn of G” and the correct slope is
predicted.

Another example is the frequency dependence of
gelatin. The ratio of G” to G’ defines the loss angle,
which is shown in Figure 13 for gelatin. The data were
read off Figure 4 from Carnali.l® For comparison, the
frequency-shifted simulation results for tan é (=G"/G’)
of the 6&T and the 8kT systems are added. Clearly, the
curves compare quantitatively with the gelatin data.
Note that the 0.9% data in Figure 13 imply a distinct
minimum in G”, just as the simulations and the poly-
butadiene data of Figure 12 do. The fact that this
minimum in tan § does not coincide with the simulated
value is simply caused by the limited sticker lifetime
that we can simulate in a reasonable time.

4.2. Concentration Dependence. The concentra-
tion dependence of the network relaxation time was
reported by Annable et al® They studied a model
system of associative polymers comprising poly(ethylene
glycol) (PEG), end-capped by long-chain alkanols. In
this system, the polymers only stick at the end points
because the alkanol chains tend to form micelles. The
network relaxation time has been measured for a
number of PEG molecular weights and polymer con-
centrations. The length of the alkanol chain (i.e., the
sticker -lifetime) was kept fixed. These results are
reproduced in Figure 14. For this model system, the
relaxation time does vary with concentration, and to a
reasonable approximation, a linear scaling with con-
centration was found, as predicted by the present
simulation model (eq 20). Both experiments and simu-
lations show a tendency to level off at higher concentra-
tion. The simulations have been fitted to the experi-
ments by rescaling the concentration and the time axis
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Figure 15. Gelatin modulus by Carnalil® (squares) and Bot*?
(circles) as compared to the simulation results (crosses con-
nected by dotted lines).

of the simulation data. The actual prediction is there-
fore not this slope, but merely the first power depen-
dence of the concentration, and the qualitative tendency
to level off at high concentration.

The concentration dependence of the modulus of
gelatin has been reported by Carnali.l® Data from his
Figure 8 are reproduced here in Figure 15 by the square
symbols. Some additional data obtained by Bot*? are
shown by the circles. This figure clearly shows that the
proportionality Gn'® =< 031, as found in the simulations
at lower concentration, holds for gelatin. At a concen-
tration of 5%, the gelatin data show a crossover to a
slope of ~1.8 + 0.1, which compares well with the
simulation result 1.6 = 0.2. The simulation results are
shown by the crosses, connected by dotted lines. Gelatin
is not the only flexible polymer for which the slope ~3
is observed at low concentration. The other example
discussed by Carnali, guar-gelled by addition of boric
acid, shows the same concentration dependence of the
plateau modulus over the entire concentration range
that was studied.

As a third example we mention the results by Aubry
and Moan.® They studied the influence of the viscosity
on the addition of various amounts of sticking groups
to hydroxypropyl-guar. As these polymers contain
many association spots that associate into micelles in a
reversible way, this system closely resembles the simu-
lation model that was studied here. They reported the
zero shear viscosity as a function of the polymer
concentration. By 0.3% polymer the viscosity starts to
increase roughly linearly in a log—log plot with a slope
of 4.1. This closely follows our simulations as the
viscosity should scale as  « Gn®7, < p%lp; hence we
predict a slope 4.1.

5. Discussion and Conclusions

In this section an interpretation will be given for the
short-time and the long-time processes that constitute
the dynamic modulus, and the comparison with experi-
ments will be summarized into conclusions. We start
with the short-time (or high-frequency) w* behavior of
the modulus. To explain this behavior for polymer
systems, we first discuss the (simpler) hard-sphere
suspensions. The w!? divergence in these systems can
be understood quite easily from the fluctuation—dis-
sipation theorem. The time dependence that appears
in eq 13 originates from the (diffusion) Green function.
At very short time, all spheres move independently;
hence the Green function must be the solution of the
free diffusion equation: 3G(rt)/8t = DV2G(r,t). For hard
spheres, the divergence of the modulus is caused by the
contacts between spheres; hence the decay of the
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modulus in time is proportional to the number of
contacts that have remained after time ¢. Since only
diffusion perpendicular to the surfaces removes these
contacts (at contact the spheres are two-dimensional flat
surfaces), the decay of stress must be proportional to
the solution of the one-dimensional diffusion equation
at r = 0. In arbitrary space dimension d;, the solution
of the diffusion equation is

__1 ikr—k2Dt ()
Girit) =—— d*k 21
= fe (21)

At r = 0 (contact) this reduces to

8d) e sy 1o S(d,)r(d/2)
GO = ——[k* e FPlqp=—"— =~ =
(©:6) (2n)ds‘/; ® 2(27)%(De)%?
1
—_ (22
(4nDt)ds/2( )

where S(d.) = d19/2/T(dy/2 + 1) is the area of a unit
sphere in d; dimensions. Substituting space dimension
ds = 1 for interacting (hard-sphere) surfaces, we find
the short-time modulus (which must be proportional to
the Green function) to diverge as

limG(¢) < HimG(0;t) o ¢~ V2 (23)
to 0

In the general case where the interacting objects are of
dr (fractal) dimensionality, embedded in three dimen-
sional space, the diffusion process takes place in ads =
3 — df dimensional space when dy < 2. We speculate
that for fractal agglomerates of d¢ = 2 this relation also
holds, though here we need it only for df < 2. For
polymers, this fractal dimension relates to the swelling
exponent as dr = 1/v. Accordingly, the modulus at short
time must diverge as

G(t) o ¢~ B0/2 = (~(3/2+(1/2) 24)

We thus find the divergence exponent n as

3-d
- r_3_1
=—5 =575, (25)

On substitution of the swelling exponent v = Y, (6
polymers), we obtain the Rouse behavior n = /3, tan o
= 1. When the solvent improves, the swelling exponent
increases. Substitution of the Flory exponent!? v = 3/5
leads to n = %5 and tan & = 3V2; the renormalization
group value* v = 0.588 =+ 0.001 gives n = 0.650 x 0.002.
Finally, the strong scaling assumption*® 3v = 2 — ¢,
combined with the exact enumeration estimate6 ¢ = 1/,
gives v = /15, which leads to n = %14 ~ 0.643. Alterna-
tive expressions for the exponent n have been given
earlier by Martin et al.3® and by Muthukumar.®’ In
these analyses relations have come forward between the
dynamic exponent n and the fractal dimension dy, and
between n and the percolation exponent k, which
describes the viscosity near the sol—gel transition.
Martin et al. came to the conclusion that 0.66 <n < 1
and cited several experiments on gelling polymers where
values in the range 0.5 < n < 0.7 were observed.

The present theory provides a means to interpret the
high-frequency simulation results of section 3. There
it was shown that, for the bead-spring model in a
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network, the divergence exponent is given by n = 0.64
+ 0.01. Within the simulation error, the same exponent
was found for a free chain and for a chain of which some
atoms are not allowed to move. Thus it is shown that
the high-frequency divergence of the modulus is not
related to the fact that a network was formed. Instead,
it reflects the movements of a free chain, and conse-
quently, the divergence exponent n is determined only
by the fractal nature of the polymer chain. Using eq
25, we can translate the dynamic scaling exponent n =
0.64 £ 0.01 into the structural swelling exponent v =
0.58 & 0.01. This value corresponds well to the expected
value v = 0.588 for (locally) swollen polymers in the
blobs. To check this relation explicitly we determined
in the same run both ds=1.75 = 0.05 and n = 0.616 +
0.016. From this fractal dimension, eq 25 predicts n =
0.625 x 0.025, which compares very well with the
independently determined value for this run. Whether
or not this fractal dimension analysis is really applicable
to our network simulations cannot be checked indepen-
dently at hard core effects are dominantly present in
the structure function of the networks as higher polymer
concentration. However, the experience with the present
model is that up to concentrations such as ¢ = 0.26
thermodynamic scaling relations hold.2?

The next issue to address is the long-time behavior
of the modulus. The question is, how can we under-
stand that the reptation theory seems to fit the results,
even though the polymers are not enclosed in a “tube”.
The tube mechanism clearly does not apply here. What
we have here are chains of which the beads follow a
hopping motion over a random lattice, where the lattice
is formed by the presence of the other beads (i.e.,
possible association sites). The beads move freely over
this lattice, and the hopping frequency is given by the
lifetime of the associations. The picture that thus
emerges is that of a free polymer chain, which performs
a (very slow) diffusive motion. The dissociation of a
single sticker does not release all the stress carried by
such a chain, but it is only a step toward stress release.
The stress carried by such a chain at a given instant is
proportional to the square of the end point separation
(r1 — rn)2. The stress that has remained after a certain
time is therefore proportional to the dot product between
the end point vectors at times 0 and ¢: G(¢) < {(r1(0) —
rn(0))(r1(¢) — rn(¢))). This correlation function can be
worked out in the Rouse model [see, for example, Doi
and Edwards!! (p 95)]. Because only the difference
between ri and ry is considered, the even modes drop
out and ri(2) — rn(t) = X oaq) Xp(t). Consequently, we
find the modulus as!!

8
Gt) o > (XX )0) > = kT Y, — exp(—p’t/r)
p odd pod p2 (26)

which is precisely the time dependence found in the
reptation theory, (eq 18). This alternative model can
be accepted as a possible explanation for the long-time
correlation, as it does not presuppose the existence of a
confining tube, which is clearly nonphysical in the bead-
spring simulation model. We feel that the point put
forward here is important in the more general discus-
sion on the validity of reptation theory.4”

As a final point of this discussion we come to the
comparison to (bio)polymers, the conclusions, and the
predictions. Starting with the (minor) negative points
of the bead-spring model: the loss modulus G” at
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intermediate frequency decays roughly as w945, The
typical behavior in many experimental systems is that
G” varies with w to a power —0.4 to +0.1. A possible
crossover to a more positive power at high association
constants runs into practical computer time limitations;
therefore, this is difficult to investigate with the present
method. A second problem is the fact that at high
frequency the modulus in the Hookean bead-spring
model is only proportional to w%6* (indicating the fractal
structure), whereas in real systems the power can
increase to higher values. For a more realistic descrip-
tion of the glassy modes, a model of finite extensible
polymers has been studied by the same method.*8

There are several positive points of the bead-spring
model; we give a brief summary:

The fact that G” decays as w 0% is already a
substantial improvement over the classical network
models like the Green—Tobolsky model that use only
the bond length distribution and that predict a l/w
behavior. The low-frequency fit in Figure 12 is in fact
even better than the reptation theory.

The upturn of G’ and G” at high frequency has not
been understood even qualitatively with the reptation
theory or variations of it that include the tube fluctua-
tions. This upturn did result naturally from the simu-
lation model and could be related to the fractal dimen-
sion of the polymers in the blobs. This contrasts with
the usual interpretation that hydrodynamic interactions
are of dominant importance,

The infinite frequency modulus that experimentally
increases roughly linearly with w is correctly described
by the FENE potential model. This gives a first
explanation of the finite polymer excess viscosity at high
frequency, even without the incorporation of hydrody-
namic interactions.

The simulations correctly indicate the plateau modu-
lus to scale as GN©® = @31, equal to what is found in
gelatin and in guar—borate systems. At high concen-
tration the power decreases; the crossover point in the
simulations corresponds to the upper binodal density.

The bead-spring model indicates the network relax-
ation time to scale as 11 = g, in line with the measure-
ments on end-capped PEG systems. Combining the last
two points, we predict the zero shear viscosity to scale
as 7 = g*1, which is in line with experiments on modified
guar.

The picture that emerges from the last two points is
the following. To interpret the origin of the density
dependence of the modulus, we use the scaling relation
GN® o 033v-1, From this relation, we can solve the
swelling exponent as v = /5, hence the elastically active
strands are Gaussian. As was remarked by Annable et
al.,® the fact that the network relaxation time decreases
at low concentration means that the active bonds are
“superbridges”: several polymers are linked together to
form a single active chain. If one of the links in this
chain breaks the complete connection is lost. Since the
probability per unit of time that any of the links of a
chain breaks, is proportional to the number of links in
the connection, the relaxation time must be inversely
proportional to the length of the connection. A short
relaxation time thus implies long connections. Indeed,
if we estimate the spacial extent of the connections by
R ~ (RT/GNO)V3, we find R ~ 0.55/g. On the other hand,
the correlation length of the nonassociating polymers
is22 £ ~ (RT/IDY? ~ 0.6/07°. It is thus seems that the
length scale of the connections is larger than the
correlation length. On such length scales, however, the
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finite volume effects are screened out, and the polymers
behave as ideal coils. The shorter relaxation time at
low concentration and the third power in the density
dependence of the modulus thus have a common ori-
gin: the active connections are long superbridges.5

To conclude, the bead-spring model may serve as a
first model of (weak) polymer gels. Even though the
model rests on binary association, the scaling relations
also seem to apply to systems with multiple association
like gelatin, where the cross-links are most certainly
triple helices. The most probable explanation for this
fact is that close to the sol—gel transition the dominant
effect determining the modulus is the formation of
superbridges that are larger than the correlation length.
This process is independent of the precise chemical
nature of the individual associations, and hence a rather
universal behavior can be expected for the complex
modulus.
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